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OUTER FUNCTIONS IN ANALYTIC WEIGHTED LIPSCHITZ 

ALGEBRAS 

BRAHIM BOUYA 

Abstract. The analytic weighted Lipschitz algebra A;^ is the Baiiach algebra of all 
analytic functions on the unit disk D, that are continuous on E) and such that 



I/W-/HI 

sup ^ ^^ < +00, 

cn ; '*- 

Cn , where a; is a modulus of continuity. We give a new characterization of outer functions 

in Ai^, by their modulus in T. As application, we obtain a refinement of Shirokov's 
^>- ' construction of outer functions in A^ vanishing on a given w— Carleson set. We ob- 

r) , tain also an extension of Havin-Shamoyan-Carleson- Jacobs Theorem to an arbitrary 

_7 ' modulus of continuity. 

-)— » 

a 
&■■ 

1. Introduction and statement of main result. 

K^ I Let w be a modulus of continuity, i.e., a nondecreasing continuous real- valued func- 



tion on [0,2] with u){0) = 0, cj(1) = 1 and such that t t— )■ u)(t)/t is a non increasing 



CN ■ function. It is called fast if 

;^: r^dt<C^u;{s), se]0,2], (1.1) 



Q ; _L t 







and slow ii 



^; j^^dt<c^^, .G]0,2], (1.2) 

5^ ! for some constants C^ and c^ > independent of s (see [4J). Associated to such 

modulus of continuity u we define the following 

w*(t) :=inf{MG [0,1] : uj{u)=t}, tG[0, 1]. 

It is clear that u* is an increasing function such that u{u*{t)) = t and uj*{u{t)) < t, 
t & [0, 1]. Since u){t)/t is a non increasing, then uj*{t)/t is non decreasing. 
Now, let D be the open unit disk of the complex plane and T its boundary, and 
denotes by ^(D) the space of analytic functions on D that are continuous on D. For 
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given continuous function / defined on a compact subset G of © and given modulus of 
continuity a;, we set 

.r, \f{z)-f{w)\ 

Wg / := sup ^—. 

z,weG UJ[\Z — W\) 

The analytic weighted Lipschitz algebra A^j of D consists of all functions in ^(D) 
satisfying wp(/) < +00, i.e, 

A^:=|/G^(©): a;o(/)<+oo}. 

For an arbitrary modulus of continuity w, Tamrazov |10] proved that 

u;s(/)<+oo ^^ c^Tr(/)<+oo, / G ^(©). (1.3) 

A complex analytic proof of fll.3p can be found in [H Appendix A]. 
Let /i : T — > IR+ be a nonnegative continuous function satisfying 

^ f\ogh{Om>-oo, (1.4) 

We associate to h the outer function Oh defined by 

Oh{z) := exp{M,^(2;) + iv^{z)], 2; G D, 

where 

and v^ is the harmonic conjugate of the harmonic function m,^ given by 

Since h is continuous and satisfies (II. 4p . then |0/i| = expj-u^} is also continuous on D 
and Oh G 7/°°(D) is a bounded analytic function. The non tangential limits of v^ exist 
and coincide a.e on T with the following function (see O Page 99]) 

1 f loghi9 + t)^^ ^,, 



vM := -lim:- / " V,. ' dt, e'' G T \ E,, (1.5) 

where h{s) := /i(e**), s G [0, 27r[, and ii^/^ 7^ is the zeros set of h. 
We suppose that h satisfies 



Mh) < +00, (1.6) 

jm_- 



for all (0, s) G [0, 27r[x [0, 27r[ such that e^^ G T \ E;,, < s < ^* (iStm) 



s 



Urn/ l'''^ + "-'''^-"ldt<c,v,M. (1.7) 
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and 



'/'-(^l^) |/,(0 + t)x/l(0-t)-/l2(0)|^^^^ ^ 



h{e) J, f^ - s 

where ip is a modulus of continuity and Ch > 0, c^ > are constants independent of 
both 6 and s. In see section [2l2] below, we will give simple examples of functions satis- 
fying the conditions (II. 4p . (11. 6p . (I1.7p and (11. 8p with respect to an arbitrary modulus 
of continuity. It is easy to check that if ip is fast then (I1.7P follows, while (II. 8p holds 
when ip is slow. We set 

In the proof of Lemmas 13.51 and 14.11 below, we will see that the conditions (II. 4p . (II. 6p . 
(I1.7P and ( 11. Sp ensure the continuity of w^ on D \ E'/j and by consequence the continuity 
of Oh on D. 

Dyakonov j3] and Pavlovic [7] have proved the following equivalence 

c^b(/)<+oo^^c^b(|/|)<+oo, feAiB), (1.10) 

where u is supposed here to be both fast and slow modulus of continuity. In the case 
when h satisfies (ll.4p and ( II. 6p and also u is both fast and slow, Shirokov [8] showed 
that Oh G ^uj if and only if (see j3l Theorem A]) 

sup |log^M£l| <+oo, (1.11) 

Mz>w(l-|2|) 

where 

M^:=max{/i(0 ■ ^eJ, |^ - ^| < 2(1 - l^])}, z eB. 

In Section [4.11 we have to prove our main result (Theorem 11.11 below). For exact 
statement, we set 

Jt\*^ I^ ~ 41 
with 

*,:={CeT:|C-^|<*-(^)}. HeJ. 

Theorem 1.1. Let /i : T i— t- IR+ be a continuous nonnegative function satisfying (ll.4p . 
(II. 6p . (I1.7p and (II. 8p . Let p > 1 be a real number and uj be an arbitrary modulus of 
continuity such that 

uj{t)>ij{t), te[o,2]. 

The following four assertions are equivalents 

1. O^ G A^. 

2. oooilO'^l) < +00. 
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sup < sup I log ' ,']\' ' I )■ < +00, 



3. There exists a real number 6 > such that 

\ Oh{z) 
^gT >- zeD^ ■ h{C,) 

where 

Dg := {2 G 1 : \z - ^\ < io* (dh^iO)}, ^ G T. 

4. 

sup — _-, < +00. 

?GT w(mm{l,a^ (Ol) 

In particular, when p = 1 and w = ■i/' is both a fast and slow modulus of continu- 
ity, the equivalence between 1 and 3 of Theorem 11.11 gives a refinement of the above 
Shirokov's result (11.111) . Also, in this particular case, the equivalence between 2 and 3 
gives a connection between the above Dyakonov's result (ll.lOp and Shirokov's one. 

2. Some applications. 

2.1. Havin-Shamoyan-Carleson- Jacobs Theorem. We say that a modulus of con- 
tinuity u is ft- slow if the following condition holds 

inf ^ > r/, > 0, (2.1) 

ie[o,2] ujp{t) - 'P ' ^ ^ 

where 1 < p < 2 is a real number. As example, we can take x(t) := 1/(1 + | log(t)|) 
and Ua{t) '■= t"', < a < 1. It is easy to check that x is p-slow and not fast, while Ua 
is fast but not p-slow for any 1 < p < 2. 

As a simple consequence of Theorem II. H we have the following 

Corollary 2.1. Let /i : T 1— > R+ be a nonnegative continuous function satisfying (ll.4p . 
(II. 6p . (I1.7p and (II. 8p . Suppose that there exists a real number 1 < p < 2 such that tp 
is p-slow. Then O^ G A^ and Oh G A^^, where 

ijp{t):=r.{t), tG[0,2]. 

The particular case of p = 2 and ip being fast and slow (take for example ip = Ua) 
in Corollary 12. II gives a simple proof of the Havin-Shamoyan-Carleson- Jacobs Theorem 
(see for instance O |6]). 

Proof of Corollary \2.1l - Using Theorem 14. H we have 

no 

?eT V(min{l,a;^^(0}) 



Oh G A?/- ^^=^ sup — ^ ; — — ^-|^^^^^ < +00 



HO 

sup — J < +CXD 

€eTV^p(min{l,a^^(0}) 



Oh e A^ 



p 
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We fix ^ G T \ £'/i. It is easy to show that 

where Ch is a constant independent of ^. Using (12. ip and (12. 2p . we derive 

< Cp,/i V'(min{l,a^^(0}), 
where Cp^h is a constant independent of ^. This finishes the proof of Corollary 12.11 

2.2. Boundary zeros set of functions in A^ . Let E C T be a closed set of zero 

oo 

Lebesgue measure. It is clear that we can write T \ E = |J 7„, where 7„ = (a„, &n) ^ 

n=0 

T\E is an open arc joining the points a„, bn G E. The closed set E is called u-Carleson 
if it satisfies the following condition 

^|6„-a„|loga;(|6„ -a„|) > -cx). (2.3) 

nGN 

In the case when u = Ua, Carleson [2] proved that the condition (12. 3p is necessary and 
sufficient for E being zero set of a function / G A(^ \ {0}. In |8l [9], Shirokov obtained 
a generalization of Carleson's result to an arbitrary modulus of continuity. However, 
Shirokov's construction is different and much more complicated than Carleson's one. 
Namely, he proved that if there exists a set of real numbers TZ := {r„ > : n G N} 
satisfying some properties then O^^ G A^^^, where 

I 0, e e E. 

In this section we give a refinement of the above Shirokov's construction. So, let h^ be 
a function defined on T as 

Uj{\bn-an\) rr ^ , -^^Tn, 

\bn-an\^ 

0, e e E, 

where w is a modulus of continuity. Using the equality 

''\ (b-t)(t-a) , 
[b — aj^ 

it is easy to check that /ig satisfies (II. 4p if and only if E is an cj-Carleson set. From 
Corollary 12. ![ we obtain the following one: 
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Corollary 2.2. Let u be a p-slow modulus of continuity and E C T a closed subset of 
zero Lebesgue measure. In o 
that E is an u-Carleson set. 



zero Lebesgue measure. In order that O^ belongs to A^, it is necessary and sufficient 



Proof. The necessary condition follows from Jensen's formula. Thus we have to prove 
the sufficient condition. For this, let E C T be a closed subset of zero Lebesgue 
measure and assume that E is an cj-Carleson set. Then the continuous function h^ on 
T satisfies (11 ■4p . A direct computation shows that /ie < 1 and that ujj{hE) < 2. Note 
that the function k^: 6 E [0, 27r[ i— ?► /iE(e*^) is a smooth function on T \ E. By a simple 
calculation, we obtain 

sup k'^{e) < C ^jf"_~""'\ n G N, (2.4) 

and 

sup A;;(^) < c ^f-J'";^ n e N, (2.5) 

where C > and c > are absolute constants. Using the fact that u{t)/t is non in- 
creasing, we deduce that (12. 4p implies (ll.7p and that (12. 5p implies (II. 8p . From Corollary 
12.11 we conclude that O^ G A^. The proof of Corollary 12.21 is completed. D 

3. Technical results. 

Let /i : T I— 7- IR+ be a continuous nonnegative function satisfying conditions (ll.4p 
and (II. 6p . Fix two distinct points ^ = e*^ and ( = e*'^ such that 6 < if, {6,(p) G 
[0, 27r[x [0, 27r[. We define [^, C] ^ T to be the following closed arc joining the points C, 
and ( 

[e,C]:={e^^ : & < s < v} 
and we set 



A(e,c):= 

where 



1 






sin lim — "'""' ,, r "'''''' dt 



h(e-t) *"6 h{tf-t) 



£^0 27r y^ tan(|t) 



A.(e,C):= inf>*(:^)- 

aeK,C] '2V^T(/i) 



Note that if Xh{C, C) > 0) then [^, C] ^ T \ E/^. In this section, we prove the following 

Proposition 3.1. Let h : T \-^ R+ be a continuous nonnegative function satisfying the 
conditions (II. 4p and (II. 6p , where ip is an arbitrary modulus of continuity. We suppose 
that |f,j(OI < +00, /or a// ^ G T \ E'/^, {see (II. 5p ). Let p > 1 be a real number and let 
u be an arbitrary modulus of continuity such that 

UJ{t)>^P{t), tG[0,2]. (3.1) 
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Then, O^ G A^ if and only if the following two conditions hold 

?eT w(mm{l,a^ (01) 

/i^(e,C)Ap(^,C) ^ ^ .... 

sup jri — ^T < +00, (3.3) 

where h{C,,() •= iuf h{a). 

It is not hard to check that conditions (11.71) and (II. 8p together iniphes (13.31) . see 
Lemma 14.11 

3.1. Proof of Proposition [3711 Let /i : T 1— t- R+ be a continuous nonnegative function 
satisfying conditions (ll.4p and ( II. 6p . We fix a real number p > 1 as well as a modulus of 
continuity u satisfying (13. ip . For proving Proposition 13 . 1 1 we show a series of technical 
lemmas. 

3.1.1. Necessary conditions. We begin by the following lemma, which gives rise to 
the necessary condition (13. 2p of Proposition 13.11 

Lemma 3.2. Let h : T \-^ M+ be a continuous nonnegative function satisfying condi- 
tions dHD and dLB]). // 

\Ohiz) 



sup < sup 



log 



HO 



< +CX), (3.4) 



where 

I])^ = {zEB : \z-0<uJ*{Sh''{0)}, ^eT, 

and 5 < l/{^4:ipj{h)^ is a positive number. Then 

sup . ~yc\x\ < +°°- 

^gT w(mm|l,a^ (^)|) 

Proof. We have 

log|0,(^)| = ^ [ l^^\ogh{0\dCl zel}. 

Note that 

h{0 < MhMdiC, Eu)) < 2Mh), C e T, (3.5) 

where d{C,, Eh) is the Euclidean distance from the point ^ to E^. Now, we fix a point 
^ ET\ Efi such that a^^(0 < 1- It is clear 

1 f l-\z\\ h{0 

2vr Jtv*^ ic - ^r ^(0 

, |0?,(2)| 1 /■ 1- I^P /i(C), ,,, _ , . 

= log^Ai^-— / ^-^ log -)iZ rf^ , ^eD. 3.6 
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We have 



1- \z? ^ h(C), ,,, log2 f 1- I^P, ,^, , 



2vr7* JC-^P "MO 



27r A, IC-^I 



(3.7) 



Combining ([33]), (EJD and (EZD yields 



1 
2^ 



1-kP , MC)|,>| 



< Ci, 



2: G 



^?' 



where ci > is a constant independent of C,- By a simple calculation 

b — wP = ||2;| — |w|P + bwll-j—j- — rP, z,w GE 

\z\ \w\ 



(3.8) 



(3.9) 



Note that from ([SH]) 



w*(t)<^*(t), tG[0,l]. 



(3.10) 



We set z^ := (l -u;*((5/i^(0))C- It is clear that z^ G D^. From (E^D, (EIO]) and the fact 
that ijj* is non decreasing, we deduce that 1 — \z^\ < ^ip* ( 2w, (i) ) ■= -^/ilO- Hence, by 
using (13^ . 



1 



IC-0'<IC-^d'<2|C-0' 



CgT\^5. 



(3.11) 



Now, using the fact that ip{t)/t is non increasing, we see that under the assumption 
that h{C) > h{^) and C e T \ ^g, we have 



log 



MO 
MO 






Consequently 



/ 



''«' ^oMm < 






C2 



c-fi>AhK) IC-0^ 

logt 



MO ,og(|zil,i)|,c| 



■2A„({) 



t> 



1 t2 



-(it. 



(3.12) 
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where C2 > is an absolute constant. From ( 13. Sp . (13. lip and ( I3.12p . we deduce 



u*{6h^{OWiO 



1-N 1,^(0 



n*, IC-eP "MO 



MCI 



< 2 



< 2 



1-1^^1' 1.XO 



T\^l. 



ic-^d 



log 



MO 



MCI 



^-hW.hiO 



logTTTrMCI 



/n*, IC-^d' MO 

< Anci + C3 

< C4, 



+ 4 



1-kd', ^(0,.., 

/i(C)>h(5) 



where C3 > and C4 > are constants independent of ^. This finishes the proof of 
Lemma 13.21 D 

Let / = |/|e™ G ^(D) be an outer function with zero set Ef. Let C, = e*^ and ( = e*"^ 
be two distinct points. We suppose that |t'(OI < +00 and |f(C)| < +C)0, where v{C,) 
and v{() are the non tangential limits of v, respectively in C, and C. We have 



^(0-MO 



T /-TT log I /(^^*) I - log I ■^(^~*) I 



>o 27r 



tan(|t) 



lini 



+ 



=: //(e,c,A) + j/(e,c,A), 

where < A < vr is a real number. A partial integration infers 



^/(e,C,A) 



1 /•'' log 

1 



I f{e+t) 



log 






tan(it) 



dt 



1 



9 



log' 






47r7;, sin^dt) .j^ 



- log -Ids ]dt 

7(^ + s) 

log| {, ~ |c^s)dt. (3.13) 
/(</' + s) 



By a change of variables 



log ^777^ T I dS 



A 



/(^ + S) 



log|/(s)|ds+ /" log|/(s + t + A)Ms 
-A Je-\ 

'-* | /(s + t + A) |^ 

log 77^ — r^- 

-A f{s) 



(3.14) 
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By ( I3.14P and also a change of variables 

log L/^ , J -log 77 — r^\(^^ 

1°S 77^ \ds- / log — Ids 

e-A f{s> J^-x f{s) 



log 77^ \ds- / log — \ds 

-A /(s) Je-t f{s) 

^°S 77 u"^- / 1°S 77 TV "^ 

/(s-A)' ie '/(s-t)' 

/•^ 
(M/(s,t)-M/(s,A))cis, (3.15) 

where Mf{s,t) stands for 

Mf{s,t) := log I ^^^/"^^ I + log| ^^^~^^ |, s e [0,27r[ and t G [0,7r]. 

Using equalities flS.lSp and fl3.15p . it follows 

j,^,,,,,^.±rrMM_MA^,,,,, o<A<.. (3.16) 

4vr Jg Jx sm (^t) 

The next Lemma shows that condition (13. 3p of Proposition 13 . 1 1 is a necessary condi- 
tion. 

Lemma 3.3. Let f be an outer function in A^ such that ipj{\f\) < +oo. Then 

sup ^- — ^T < +00. 

5,CeT w(K-CI) 

Proof. Fix two distinct points ^ = e'^ and C = e^"^, < ^ < c/? < 27r. Set A := A|/|(^, C). 
We have to discuss four possible cases. 

1. If l^-CI > A, then 

i/i(e,c)%i(e,c) < \m,o = 2^t(i/i) ^(a) < 2^Tr(i/i) ^(le -CD- 

2. Now, suppose that I^C ^ CI ^ A. Since ^ ^ C, then A 7^ 0. It follows that 

[e,C]CT\E^. Weset 

/^ = /^|/|(^,C) := inf «Lf|(^)- 
Note that /i is a positive number. 

2.1. Assume that I^C ~ CI ^ /^- Using Lemma [3.21 and the continuity of u, we obtain 

|/|(e, 0^1(^,0 < l/l(e,C) < Cf inf a;(ap^|(a)) = c;a;(^) < Cf c^d^-CD- 
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2.2. Now, assume that |^ — CI ^ min{A, /i}. Using the fact that / G A^, we obtain 
l/l(e,C)|e^''^^) -e»(^)| < Acorif) a;(|e-Cl). (3.17) 

Set /y(e, C) := //(e, C, A) and Jf{^, Q ■= J^, C, A). We have 
eMO_,HO = 2sin(^^^il^) 

= 2sin(/;(^,C) + J/(^,C)) 

= 2sin(j;(^,C))cos(j^(e,C)) 

+ 2cos(/^(e,C))sin(j^(e,C)). (3.18) 

Using the fact that |x| + | cosx| > 1, for every real number x, combined with 
equahty ( I3.18p . we get 



I sin (^1/(^,0 

< I sin [lfi^X))jfi^X)\ + I sin (//(e,C)) cos ( J^^, C) 

< 1^/(^,01 + ^le^''^^) - e^^^'^)] + I cos (//(e,C)) sin (jy(e,C) 

< i|e'''(«)-e™('^)|+2|j/(^,C)|. (3.19) 
From (I3.17P and f l3.19p . we have 

i/i(e,c)|sin(/^(e,c))|<2u;T(/)u;(ie-ci) + 2|/i(e,c)|^/(e,c)|. (3.20) 

In the other hand, 

1/(^)1 > ^1/(^)1 >^l/l(e,C) = ^T(|/|)^(A), 

with e*^ G [^, C] and e*" G \l/eis. We fix two points e*** G T and e*" G T such 
that e** G [^,C]) e*" G \l/e«s and |e™ — e*''| > A. Since ip{t)/t is non increasing, 
we obtain 

h i^(")|l , , 11/(^)1-1/(^)11 , ,^ 

f{s) Hni{\f{u)\,\f{s)\} 

, .os(|M§.(|e"-.1).l) 

. 2V;T(|/|)^(A)|e--e-| . 
- ^^ l/l(e,C) A ^ ^ 

< iog(^!l^^ + i). (3.21) 
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The constants q > 0, i G N, that appears in what follows are independent of 
both ^ and (. From fl3.2ip and the fact that 'ip{t)/t is non increasing, we obtain 

1 /-^ f^'^wm)) \Mf{s,t)\ 



47r Jg Jx sm {^t) 

r log (4 + 1) 

Jt>\ ^ 

< C3^(le-Cl). (3.22) 

It is clear that |M/(s,A)| < 21og2. Then 



i^|^|'«'i7 



'|A«».A)L.,. , J/l«,0 



C/S(it < C4 1^ — CI 



sin^(|t) ~ A 



< C5^(I^-CI)- (3.23) 

From dSHD, ^M and ([S22D, we get 

4vr ie A sm^(it) 



2 



\niu) r r^' ^^m^isM 



^T^ Je Jx sin^(it) 



L.(^£Wl ) sin^(it) 
< C6^(le-Cl) + C7 r \f{s)\a\f\{e'')ds 



< CeV^de-CD + Crie-CI sup |/(a)|a|;|(a). (3.24) 

Making use of fl3.24p . Lemma (13. 2p and the fact that uj{t)/t is non increasing, 
it follows 

< c,u{\i-C\) + c,uj{\i-C\). 

< c,uji\i-C\). (3.25) 
Finally, combining (I3.20p and (I3.25P gives rise to 

|/|(e,C)|sin(/;(e,C))|<Cioa;(|e-CI). 
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This completes the proof of Lemma 13.31 

D 



3.1.2. Sufficient conditions. In this section we prove that ( 13. 2p and ( 13. 3p of Propo- 
sition [3]T] are sufficient conditions for a function h so that O^ G A^.We begin by the 
following Lemma (see |5l pages 98-100]) 

Lemma 3.4. Let /i : T i— )■ M"*" be a continuous nonnegative function satisfying condi- 
tions (II. 4p and i \1.6h . Fix a point ^ G T \ Eh- Then 

]imv,Xren=v.ien, e^^ G vj/^, 

r— >-l 

uniformly on the arc \E'j. 
Proof. Define 

2t sin(t 1 

<5('^'^) ■= 1 o 77V^^^ < r < 1 and t G [0,27r[, 

1 — 2r cos(t) + r^ 

to be the conjugate of the following Poisson Kernel 

l-r2 

P{r,t) := TTT—^, < r < 1 and t G [0,27r[. 

1 — 2r cos(t) + r^ 

We fix a point ^ G T \ E^. Let < e < | be a real number. Set 

Let z = re**^ G D, be a point such that e*"^ G ^1/^ and 1 — r < Ae(^). It is easy to check 
that 

/i(V7 + 1) > -/i(0, 1^1 < KiO and e'^P G *g. 



Then 



'-^I^Hl^fi^l^^-' 0<..MOa...^.*,. 
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In what follows, the constants q > 0, i G N, are independent of both Lp and e. We have 

1 r log ^4^ 



' "^ ^ 27ryi_, tan(it) ' 



< 



+ 



27r 



27r 



l-r 



Q(r,t) 



log 



h{(p-t) 



h{ip + t) 



(Q(r,t)-Q(l,t)) 



l-r 



log 



dt 

h{ip - t) 



h{(p + t) 



dt 



< Ci sup 

0<t<l-r 



log 



h{ip - 1) 



h{ip + 1) 



h{ip - 1) 



-r<t<X,iO 



< SCiE + C2 ( / 

< C3£ + C4 sup {Pir,t)}x [ \\ogh{C)\\dC\ 



+ c.,_^P(M)log,^j^^^j 



t>A.(C) 



C?t, 



< CsE + C5 



1 — r 



(3.26) 



From (I3.26p . we deduce that lim f^(;z) = ^^^{f-^) uniformly on the arc \I/^. The proof 
of Lemma (13. 4p is completed. D 

Now we have to use Tamrazov's Theorem [TOj to prove the following 

Lemma 3.5. Let h : T \-^ M"*" be a continuous nonnegative function satisfying condi- 
tions ([LID, (USD; (D and (Q- We suppose that \v,XO\ < +^, for every ^ G T\Eh, 
{see dLSD). Then O"^ e Au,. 

Proof. If we prove that Oh G A(B) and that u)j{0'^) < +oo, then the result follows 
from Tamrazov's Theorem [10] . First we prove that uj{0'^) < +oo. Let ,^ = e*^ G T 
and (^ = e*''' G T be two distinct points. We have 

mo-o'hioi 

< \hP{0-h^iO\ + h''{0\ e'^''^ ^^^ - e'"'"!^ ^^^ \ 

< c^Vrih) i^{\i - CI) + h^ii, Q\e''>^nii) _ e^P^,(C)| 

< c,,,a;(|e-Cl) + min{2/i''(e,C), h'^{iX)\e"^'^^^^ 
Fix A = Xh{i, C)- We distingue between three cases. 

L If le - CI > A, then 

h{i, C) = 2^t(/^) ^(A) < 2Mh) ^{\i-C\). 
2. Now, assume that |^ — CI ^ A and set 



e^P^'JOi}. (3.27) 
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Since [^, C] ^ T \ Eh, then /i is a positive number. 

2.1. If 1^ — CI ^ yU) then by condition (13.21) and the continuity of u, 

h'{^, < Ch mi u{a^\a)) = c^ u{fi) < c^ u{\^ - C|). 

2.2. Now, assume that |^ — CI ^ min{A, /x}. 
Using (IXTSj) 

/,p(^,c)|e*''^''(«)-e^^^'>(^)|<2/i^(e,c)Ap(e,c) + 2/i''(e,c)i4p(e,c)|. (3.28) 

By ([321 

h''{^,0\M^X)\<cM\^-C\) + C2\^-C\ sup /i''(a)a,(a). (3.29) 

Since u{t)/t is non increasing and /i satisfies (13. 2p . then 

le-Cl sup /.''(a)a,(a) < C3|e-C| sup ^%M 

< e-cH^ 

< C3a;(le-Cl)- (3.30) 

Combining (I3.28p . (I3.29P and (I3.30p and the fact that h satisfies (13. 3p . we get 

/,p(^,C)|e*p-.(0 _e^P^.(C)| < c,c^(|^_^|). 

From (I3.27P and the above three cases, we deduce that uj{0'^) < +oo. It remains to 
show that Oh is continuous on 3. Since |Oft| is continuous on D and Oh is analytic in 
D, then Oh is continuous on 3U Eh- We have to show that Oh is continuous on every 
point ^eT\Eh.Fix^eT\Eh and z eB such that || G ^5. It is clear that 

m^) - o'hioi < \n{^)\ - /^''(^)i + ph'i^^Mz) - v{^^)\ + io;:(^) - of^m 

Hence, from Lemma [3.41 and the fact that ujj{Oh) < +C)0, we deduce the continuity of 
Oh at ^. The proof of Lemma [3.51 is completed. D 

4. Proof of Theorem 11.11 
We need the following Lemma 

Lemma 4.1. Let /i : T 1— t- M+ be a continuous nonnegative function satisfying condi- 
tions ([H]), I^M), dlZD and ([LID. Then ([SJD is fulfilled and \v^{^)\ < +00, for all 

^eT\Eh. 
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Proof. Using fll.6p . we obtain 



^hi9)<h{e + t)<h{e), (4.1; 



for every 6 and t such that e^^ G T \ Eh and |t| < 'ip*{^^)- Next, fix e*^ G T \ E^ 
and let < s < '^*( 2^ (m ) be a real number. By (14. ip and (11. 7p . we obtain 

\oghie + t)^. ^ 2 ,. /- |/i(^ + t)-/,(^-t)| 



I lim / -j— — dt\ < — — -lim / -p- dt 

'^^Je<\t\<s tan(it) K9)e^oJ^^^^^ tan(it) 



where c is a constant that not depend on s. Hence |f,j(OI < +00, for all ^ G T \ Eh- 
Now, we prove the estimate (13.31) . Let ^ = e*^ G T and C = e*'^ G T be two distinct 
points such that |^ — CI ^ ^h{C,, C) •= ^- We have 



£^0 2tt J^ t 

. r\ log l^it^ - loe ^^^+*^ 
'27ry|g_^l tan(it) 



Using (II. 7p . we obtain 



.|5-CI I log ^(^+*) I + I log ^('^+*) 



/i(e, lim / ' "'^'-''^ ^—lI^iEzllldt 

e^Oj^ t 



6^0 J ^ t s^oj^ t 

< C2^(le-CI). (4.3) 

By I^M) 



■dt 



T /.A log M^±i) - log ^(^+*) 

i / ^"& h{e-t) ^"& /i{¥>-t) 
2vr y|g_^| tan(|t) 

A(e,C,ie-CI)-A(e,C,A). 

47r Js ii^.^i sm'(it) 

± r r '''^%-^hsit 

CI sm (^i 



An Je L_.| sin2(it) 



+ 1 rr^f^fi^,,,, (4.4) 

47ry, A sm2(lt) 
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Since 

|M,(.,A)| <21og2, and |M,(sJ^ - C|)| < 4^tW^^J||=^, e^' e [iX]- 
Then 

'^ r iM,(s,ie-ci)i 

Jt 

and 



Me,c) / / ' v^';!,, '^' ^^^t<c3^(ie-ci), (4.5) 

CI sm (^2'^J 



^(e, c) r r ^^.i%^h sdt < C4^(ie - CI), (4.6) 

From (11. 8p . we deduce 

Je J\f^^\ sm (^t) 



^ ^^^. 1 r^ K^ + t)xM^-t)-/.-(.),, ,^ 



Hs) 7ic-ci ^' 

< C6^(le-CI). (4.7) 

D 

By combining (jMD, (USD, dMD, (O, (iJ]) and (jl^D we deduce the desired result. 
This completes the proof of Lemma 14.11 

4.1. Proof of Theorem 11.11 Let /i : T 1— ?> IR+ be a continuous nonnegative function 
satisfying conditions (11. 4p . (II. 6p . ( 11. 7p and ( 11. Sp . It is trivial that 1 ^=^ 2 =^ 3, where 
5 = l/max{2, 2a;]D)(|0^|)}. Using Lemma [3.21 we deduce that 3 =^ 4. From Lemmas 
13.51 and |4. 11 we deduce that 4 =^ 1. This completes the proof of Theorem 11.11 
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